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Rapid Generation of Site/Satellite Timetables

Salvatore Alfano*
Phillips Laboratory, Albugquerque, New Mexico 87117

This paper presents a numerical method to rapidly determine visibility periods of a satellite for a ground
station having restrictions in azimuth, elevation, and range. The algorithm uses pairs of fourth-order polynomi-
als (quartic blending) to construct waveforms that represent the restricted parameters vs time for an oblate
Earth. These waveforms are produced from either uniform or arbitrarily spaced data points; viewing times are
obtained by exiracting the real roots of localized quintic polynemials. This algorithm works for all orbital
eccentricitiés and perturbed satellite motion, provided the functions do not become discontinnous. Results from
this algorithm are almost identical to those obtained by modeling satellites. subject to first-order secular
perturbations caused by mass anomalies but generated with an 89% decrease in computation time over a 5-s step
brute force method. Advantages of this numerical method include compact storage and ease of calculatlon,
making it attractive for suppomng ground-based satelllte operaﬂons.

Nomenclature
c(n) = quintic polynomial
C,(T) = quintic polynomial for time

e = eccentricity

e, = eccentricity of the Earth ellipsoid

F(7) = quartic polynomial

Soi(®) = azimuth limit crossing function

Jound®) = elevation limit crossing function
Sfrance(f) = range limit crossing function

H = altitude deviation from the Earth elhpsoxd
i = inclination

J = second harmonic coefficient

h = anomalistic mean motion

ny = mean motion at epoch

P = first quartic polynomial »

P; = jth data point for quartic blending

D = semilatus rectum

Di = ith data point for quartic polynomial

Q = second quartic polynomial

R() = range ,
R = range limit

rsat(?) = geocentric IJK satellite position vector
rsite(?) = geocentric IJK site position vector

T = quintic polynomial argument

TrooT = real unique root of C(T")

t = time

o . = jth quintic polynomial coefficient
B(¢t) = azimuth angle

Brm = azimuth limit

Yi = ith quartic polynomial coefficient
At = simulation step size for time

6 = local sidereal angle

puk() = IJK vector from site to satellite
pe(t) =-east component of pgrz(¢)
ps(t) = south component of pgrz(t)
psez(t) = topocentric SEZ vector from site to satellite
pz(1) = zenith component of psgz(t)
T = guartic polynomial argument
&(t) = elevation angle
= elevation limit
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dLAT = station geodetic latitude

Q = nodal rate

@ = periapsis rate
Introduction

HE traditional timetable generation problem consists of

determining the viewing periods of a satellite vs an Earth-
fixed tracking station with azimuth, elevation, and range re-
strictions. With few satellites aloft, the early days of satellite
operations consisted of" establishing communications when-
ever a vehicle entered the ground station’s visibility window.
With a tabulation of viewing times and antenna-pointing
parameters, satellite operators were prepared to transmit and
receive data from the vehicle. These operations have changed
significantly. Satellites are now deployed with mission effec-
tiveness highly reliant on spaceborne tracking and crosslink
communications. Manufacturers currently design satellites to
be operator interactive even when outside the visibility win-
dow of a ground station. Mission designers are concerned with
how a satellite deployment strategy loads a ground station, as
well as the frequency and duration of high conflicts. Thisis a
key orbit-design issue because competition for. ground station
support is usually resolved with the highest priority satellite
awarded support. Also, as the satellite altitude decreases, the
opportunities to track or communicate with the vehicle from a
ground station become more restricted, further complicating
the satellite scheduling process. These issues call for a compu-
tationally efficient routine to generate a timetable of visibility
periods, capable of processing all orbit types agalnst any
ground station.

Site/satellite visibility periods are typically determined by
evaluating Earth-centered inertial position vectors of the two
objects of interest. An orbital simulation is advanced in time
by some small time incremént At and a visibility check is
performed at each step. One drawback to this method is
computation time, especially when modeling many perturba-
tions and processing several vehicles. An additional disadvan-
tage can be the imprecision of the satellite viewing determina-
tion resulting from the simulation step size At. Escobal'
proposed a faster method to solve the satellite vs Earth-fixed
tracking station problem by developing a closed-form solution
for the unrestricted visibility periods about an oblate Earth.
Escobal transforms the satellite and tracking station geometry
into a single transcendental equation as a function of eccentric
anomaly; numerical methods are then used to find the rise and
set anomalies, if they exist. More recently, Lawton? developed
a method to find visibility periods for vehicles in circular or
near-circular orbits by approximating ah unrestricted visibility
function with a Fourier series. Exploiting the sinusoidal nature
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of the visibility curve generated by satellites with orbital eccen-
tricities less than 0.1, he determines the local periodicity of this
curve and then uses a numerical search to locate viewing times.
This method works well for low eccentricity orbits but fails for
more elliptical orbits because the visibility waveform becomes
aperiodic. .

The method of ratios® has been used to compute average
access time and is a good prefilter for identifying satellites that
are always out of range or have improper geometry for view-
ing. Parabolic blending has also been used to determine satel-
lite visibility with range restrictions* and can be used as a
prefilter. This paper extends that work, presenting a highly
accurate, computationally efficient, numerical method to con-
struct a site/satellite timetable for all orbit types given a
ground station with azimuth, elevation, and range restrictions.

Azimuth, Elevation, and Range Functions

Let rgire(?) be the Earth-centered inertial position vector of
the ground station and rgar(f) be the corresponding satellite
position at time #. Define the vector from the site to the
satellite, px(¢), as

; pu(t) = rsar(t) — rsire(t) 1¢))]

This vector is easily transformed to the topocentric coordinate
system,> becoming pgpz (¢). The azimuth 8(z) is computed as

- .pE(t)}
B(¢) = tan ["'Ps 7 @

with a check performed to insure B(r) is in the proper quad-
rant. The elevation ¢(¢) is defined as

| ee® ]
¢ = tan [ 0 + 20 ®
with the range R(#) being

R(®) =Vp}(t) + 02 (t) + 05(0) @

Tabulating the components pg(#), og(2), and p(¢) at user-
chosen time intervals, the curve fitting is accomplished by
approximating waveforms for azimuth, elevation, and range
crossings with localized quintic polynomials. (The interval at
which the topocentric components are tabulated is designer
chosen, but the reader is cautioned against choosing a step too
large. As the interval is increased, this most certainly will
result in missed crossing times. for rapidly varying data.) To
determine when an azimuth limit 8; 1y is crossed, define the
function )

fﬁLlM(t) = PE (t) - pS(t)tan(BLIM) (5)

The elevation limit function is defined as

A feostson) )
f¢L1M(t)'_ <COS 1{\ R(f) } ¢(t)>

- [005“1[99%%;&42:] - qSLIM} ' (6)

and approximates the difference between true elevation and
the elevation limit for site/satellite geodetic angles. The range
limit function is ' ~

Jrance(®) = R(t) — Rum . (M

Any time one of these functions equals zero, the time of
crossing is determined from the polynomial root; a quadrant
check for azimuth limits is also necessary to.test root validity.
The limit functions are designed to reduce polynomial wiggle,
thereby increasing the accuracy of the curve fit. An advantage

of this fi'tting‘ process is the localized curve model, where the
curve must be continuous but need not conform to a sinu-
soidal-like function.

Curve Fitting

There are many techniques available to accomplish curve
fitting. To alleviate the problems associated with restrictive
sinusoidal fits or high-order generalized polynomials, a nu-
merical technique called quartic blending is developed. This
method is an extension of the work done in Ref. 4.

A series of polynomial functions, each defined by five data
points, is used to approximate a waveform. Curve fitting by
quartic blending uses six consecutive points to create two
fourth-order curve functions. The first curve is created from
the first five data points with the second curve created from
data points two through six. As shown in Fig. 1, the curve
segments passing through the central points are blended into a
single fifth-order polynomial. The equation to accomplish the
blending is chosen to match the first quartic’s slope and its
derivative at the third point and match the second quartic’s
slope and its derivative at the fourth point. This blending
process is repeated until the data set is exhausted, resulting in
a second-order continuous curve created from numerous lo-
calized quintic polynomials.

A quartic polynomial F(r) passing through five consecutive
points (po, pi, P2, P3, Ps) on a uniform interval that corre-
sponds to the index is defined as

F@)=mm+ 7m0 + 437 + vam +vs O=7=4 @

where
Ys = Do %a)

o= (—50p + 96p, — T2ps + 32ps — 6p)/24  (9b)

v = (35p0 — 104p, + 114p, — 56p; + 11p,)/24 ¢)

Fig. 1 Nomenclature for quartic blending.
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y2=(— 10p, + 36p; — 48p, + 28p; — 6p,)/24 (9d)
= (Do —4p1 + 6py — 4p; + p,)/24 : %e)

The point, slope, and its derivative with respect to 7 at mid-
point are .

F(1) =F(2) = 16, + 8y, + 4y3 + 2v4 + 75 (10)
7=2 |
- dF . :
—df) =FQ) =32y + 1272+ 413+ 74 )
=2
&F C v
M F2) =48y, + 127, + 275 12)
dTZ T=2

Quartic blending is accomplished by using six consecutive
points (Py, P,, P;, Py, Ps, Pg), as shown in Fig. 1. The first
quartic P ranges from P; to Ps, whereas the second quartic Q
ranges from P, to Ps. The quintic C curve, ranging between P
and P,, combines the two quartics so as to match the P curve
to-second order at P; and match the Q curve to second order
at .Py. This is done by using Eqgs. (8-12) to determine P, P,and
P at P; and also to determine Q, 0, and Q at P,. After some
algebraic manipulation, the equation for C(T) becomes

Cc(T) = a1T5 +ooT* + 03 T3 + o T? + a5T

a 0=<T<1) ' S a3)
where .
ag =P, » (142)
as = P, — 16P, + 16P, — 2P5)/24 (14b)
os = (= Py + 16P; — 30P; + 16P, — P5)/24 (14c)

oy = (~9P; + 39P, — T0P; + 66P, — 33Ps + TPs)/24 (14d)

o= (13P; — 64P2 + 126P; — 124P, + 61P;5 — 12P)/24 (14¢)

ay = (= SPy + 25P; — 50P; + 50P; — 25P5 + SPg)/24  (14f)

In-view and out-of-view times occur whenever a quintic
limit function changes sign; that is, whenever C(T) equals
zero. The roots of C(T) are ignored if they are imaginary,
repeating, or outside the range of 7. Any remaining roots
designate the unitized in-view and out-of-view times between
points P; and P,. Because the roots of interest are in the
interval (0, 1), a quick test determines if further processing is
necessary; if ag>0 and

MIN(as, a5 + oy, o5 + og + o3, 05 + 04 + a3.+ az,‘
d5+a4+043+a2+a1)> —ag
or if ag<0 and
MAX(as, s + oy, as + ay + o3, as + oy + va3 + oy,
o +‘a4+a3 +on+ o))< —ag k

then no root can exist in the interval.

A Newton-Raphson® method is used to determine if any real
unique roots exist in the interval (0, 1). An excellent initial
estimate is found by approximating the quintic polynomial on
the interval as a quartic; Eqs. (8) and (9) are used for the
points [C(0), C(0.25); C(0.5), C(0.75), C(1)] with the quartic
solved in closed form.” If no unique real roots exist in the
quartic interval, then it is assumed no such roots exist for the
quintic interval. If a root does exist in the quartic interval (0,
4), it is divided by 4 to correspond to the quintic interval (0,1)

and used to start the Newton-Raphson search. Once a single
root is found, it is factored out, and the resulting quartic is
solved in closed form.

By choosing six consecutive values of pg, og, and o from a
reference file, the o coefficients for the limit functions are
easily computed for C(T'); and the real unigue root(s) Troot
found. If the root is within bounds, a different set of «
coefficients o, are computed using the times that correspond
to the original chosen values. This resulting C,(T) equation
yields the in-view or out-of-view time associated with Trgor.
When a crossing time has occurred, quartic blending is used
again -t0 determine ps(Troor), PE(Troor), and pz{(TrooD);
those values are then used to produce aZImuth elevatlon and
range information from Eqs. (2-4).

Slmulatlon

The visibility windows -and associated antenna-pomtmg
parameters obtained by this method are compared with those
from a standard general perturbations step-by-step integra-
tion. For this study, the site and satellite are advanced in
intervals of 1/10 s, and a visibility check is performed. These
results, which serve as the truth for purposes of accuracy, are
obtained by influencing a satellite by the following first-order
secular rates caused by mass anomalies®:

JTZe '

n=n [1+ = J— 1 e< ——sm21>j| (15)
p* N\ 2

Q=_<-;—§cos 1>n . 16)

3 J i
o= [5 1,—22(2 _ % sin2i>] 7 amn

For the Earth-fixed tracking station, the site is initialized at
the principal axis and its future position given by?

X = GlcOS(¢LAT)COS(0) . (18)
¥ = Gicos(rap)sin(9) (19)
7 = Gosin(ppar) (20)
1
G =+ H 21
V- eZsin’(¢rat) @D
2
G, = 1—& +H 2)

V1 — eZsin(¢par)

For quartic blending, the site and satellite are advanced in
3-min intervals, and the limit functions are checked for cross-
ing times.

Classical orbital elements from the United States Space
Command satellite catalog are used as test data for this study
and are listed in Table 1. These elements were obtained by
sorting the catalog, which includes 7000 satellites, by orbital
eccentricity, mean motion, and inclination. The satellites with
the least, average, and greatest values of eccentricity, mean

Table 1 Classical orbital elements®

Object "N, rev/solar day e i, deg

1 1.00272141 0.0000032 .0.0956
2 8.36589235 0.0080158 90.0175
3 0.24891961 0.9363060 64.9874
4 - 0.21467209 0.0668128 57.3500
5 13.37659679 0.0145072 90.2619
6 16.09769232 0.0078742 82.8709
7 1.00271920 0.0003109 0.0099
8 12.41552416 0.0036498 74.0186
9 13.84150848 0.0048964 144.6414

*w=0=MA = 0deg.
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Table 6 One-day site/satellite timetable for satellite 9

Table 2 One-day site/satellite timetable for satellite 3

In view Out of view In view Out of view
Quartic blending 329.1 352.5 Quartic blending 52,035.4 52,284.1
Truth simulation 329.9 352.6 57,962.6 58,299.9
Absolute difference 0.8 0.1 63,878.0 64,219.2
69,725.3 70,114.0
75,511.5 75,981.5
Truth simulation 52,035.5 52,284.2
Table 3 One-day site/satellite timetable for satellite 5 57,962.7 58,300.0
63,878.0 64,219.3
In view Out of view 69,725.3 70,114.1
Quartic blending . 3(5)22 648.1 Absolute difference 75’3.111'5 75,09.811'5
. 714.1 0.1 0.1
41,430.9 41,689.1 0'0 0'1
47,617.3 48,003.7 0'0 0'1
84,436.3 84,650.8 0'0 0'0
Truth simulation 354.7 648.1 . .
- 706.7 714.2
41,431.0 41,689.2
47,617.4 48,003.8 . . e e ..
’ 84.436.3 84.650.8 Table 7 Maximum difference in timetable pointing parameters
Absolute difference g(l) g(l) Object Azimuth, deg Elevation, deg Range, km
0.1 0.1 0.1 0.0 1.9
0.1 0.1 5 0.1 0.0 0.4
0.0 0.0 6 0.3 0.2 6.6
8 0.0 0.0 1.3
9 0.0 0.0 0.4

Table 4 One-day site/satellite timetable for satellite 6

In view Out of view
Quartic blending 498.4 539.6
Truth simulation 497.4 539.6
Absolute difference 1.0 0.0

Table 5 One-day site/satellite timetable for satellite 8

In view Out of view
Quartic blending 356.2 644.7
7,539.8 7,911.0
37,783.3 37,855.8
44,244.3 44,820.3
83,997.9 84,052.9
Truth simulation 356.2 644.8
7,539.9 7,911.0
37,783.3 37,855.9
44,244.5 44,820.3
83,998.2 84,052.9
Absolute difference 0.0 0.1
0.1 0.0
0.0 0.1
0.2 0.0
0.3 0.0

motion, and inclination are used as test data. Also, for this
study, the Earth-fixed tracking station is placed at the United
States Air Force Academy and is initialized at the vernal
equinox; the station coordinates are 104° west longitude, 39°
geodetic latitude, with 2.9-km deviation above the ellipsoid.

Simulation Results

Tables 2-6 show the viewing times for a 1-day simulation
using the parameters of Table 1. Timetables for objects 1, 2,
4, and 7 were not included because those objects were not
visible to the restricted site. The method of quartic blending
(with 3-min time steps) reduces computer processing time by
89% over a 5-s brute force approach. Also, the results of this
method differ by less than 1 s when compared with a 0.1-s step
truth model.

Table 7 shows the accuracy of azimuth, elevation, and range
associated with the timetables. The antenna-pointing parame-
ters are very accurate, with the largest differences occurring in
range. The range inaccuracies, especially for a low-altitude
satellite, are caused by rapidly varying data on an overhead
pass; if greater accuracy is desired, smaller time steps should
be taken to achieve a better curve fit. The extensive resuits,
representing the extremes of the tracked satellite population,
demonstrate that this method can be used to support opera-
tional missions.

Conclusions

This paper presents a very powerful method to rapidly
compute an accurate site/satellite timetable with associated
antenna-pointing parameters for an oblate Earth in the pres-
ence of site restrictions. The test results demonstrate the com-
pleteness of this routine, which is free of orbital restrictions.
Because the ephemeris generation and visibility determination

~are distinct problems, this allows the user to tabulate pg(¢),

pe(t), and pz(¢) to any desired accuracy from existing orbit
propagation methods. Thus, if one wishes to perform para-
metric studies using site/satellite communication links as the
performance index, perhaps generating a J)-based reference
file will suffice. Also, for programs requiring precise knowl-
edge about viewing times, the designer can generate pg(?),
pe(t), and pz(¢) tables using Cowell’s method. For platforms
with rapidly varying trajectories, the user can generate a very
dense data set to accomplish curve modeling, provided the
motion does not become discontinuous, especially near view-
ing entrance or exit. This logic can also be integrated on board
the satellite computer to support autonomous operations; the
computer generates timetables for a target set and then acti-
vates various instruments and operating modes once a site
comes into view.

This approach is not limited to constraints in azimuth,
elevation, and range or to quartic blending of the defined
functions. Other constraints, such as satellite illumination by
the sun or satellite in view of a data relay satellite, can be
incorporated in the logic using the visibility function of Ref. 4.
Parabolic blending may be substituted for quartic blending to
reduce complexity, but this causes accuracy to decrease for the
same time step; if smaller steps are taken to regain accuracy,
then processing time will increase.
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